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Spin-orbit splitting of ^Be excited states studied with the SU6 quark-model 
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The previous Faddeev calculation of the two-alpha plus A system for \Be is extended to incor- 
porate the spin-orbit components of the SUq quark-model baryon-baryon interactions. We employ 
the Born kernel of the quark-model AN LS interaction, and generate the spin-orbit component 
of the Act potential by the a-cluster folding. The Faddeev calculation in the jj-coupling scheme 
implies that the direct use of the quark-model Born kernel for the AN LS component is not good 
enough to reproduce the small experimental value A_E™ P = 43 ± 5 keV for the 5/2 + -3/2 + splitting. 
This procedure predicts three to five times larger values in the model FSS and fss2. The spin-orbit 
contribution from the effective meson-exchange potentials in fss2 is argued to be unfavorable to the 
small is splitting, through the analysis of the Scheerbaum factors for the single-particle spin-orbit 
potentials calculated in the G-matrix formalism. 

PACS numbers: 21.45.+V, 13.75.Ev, 21.80.+a, 12.39.Jh 



In the previous paper pj, we have carried out Fad- 
deev calculations of the two-alpha plus A (aaA) system, 
starting from the quark- model hyperon-nucleon (YN) in- 
teraction. The input was the Minnesota three-range NN 
force for the aa resonating-group method (RGM) kernel 
and a two-range Gaussian AN potential (SB potential) 
which is generated from the phase-shift behavior of the 
quark- model YN interaction, fss2 0, [jj , by using an in- 
version method based on supersymmctric quantum me- 
chanics Q . The Faddeev calculations using these central 
forces were carried out in the LS'-coupling scheme, and 
reproduced the ground-state energy and excitation en- 
ergies of the ^Be hypernucleus within 100 ~ 200 keV 
accuracy. 

Another important experimental information from ^Be 
is the small spin-orbit splitting of the 5/2 + and 3/2+ ex- 
cited states, AEg* p = 43±5 keV [HQ, measured from the 
recent Hyperball 7-ray spectroscopy. It is widely known 
that the single particle (s.p.) spin-orbit interaction of 
the A hyperon seems to be extremely small, especially in 
light A-hypernuclei. In the non-relativistic models of the 
YN interaction, this is a consequence of the strong can- 
cellation of the ordinary LS component and the antisym- 
metric LS component (LS(~> force), the latter of which 
is a characteristic feature of baryon-baryon interactions 
between non-identical baryons. For example, the SUq 
quark- model baryon-baryon interaction, FSS Q , yields a 
strong LS^ component @, which is about one half of 
the ordinary LS component, with the opposite sign. Wc 
performed the G-matrix calculation in symmetric nuclear 
matter, using this quark-model baryon-baryon interac- 
tion [jj, and calculated the so-called Scheerbaum factor, 
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Sb, which indicates the strength of the s.p. spin-orbit 
interaction The ratio of Sb to the nucleon strength 
S N ~ -40 MeV • fm 5 is S A /S N ~ 1/5 and S^/S N ~ 1/2 
in the Born approximation. The G-matrix calculation of 
the model FSS modifies S A to S A /S N ~ 1/12. The sig- 
nificant reduction of S\ in the G-matrix calculation of 
FSS is traced back to the enhancement of the antisym- 
metric LS component in the diagonal AA~ channel, owing 
to the P-wave AN-HN coupling. 

Hiyama et al. ,11] calculated the AA" spin-orbit split- 
ting in ^Be and \ 3 C in their cluster model, by using sim- 
ple approximations of the Nijmegen one-boson-exchangc 
A A" interactions. They employed several two-range 
Gaussian LS potentials for the AA?" interaction, which 
simulate the LS and LS^ parts of the G-matrix inter- 
actions derived from Nijmegen model-D (ND), model-F 
(NF), and NSC97a-f interactions. For example, they ob- 
tained AE es = 0.16 MeV for NSC97f. When the LS^ 
force is switched off, they obtained 0.23 MeV. Since these 
values are too large to compare with the experiment, they 
adjusted the strength of the LS^' potentials, guided 
by the relative strength of the quark-model LS^ force. 
Such a procedure, however, does not prove the adequacy 
of the quark-model spin-orbit interaction for the experi- 
mental data. 

The purpose of this brief report is to show that, if 
we carry out more serious calculations starting from the 
the quark-model baryon-baryon interactions, the situa- 
tion is not so simple as stated in Ref. |ll|. Here we 
concentrate only on the spin-orbit interaction, and use 
the quark-model exchange kernel directly, following our 
basic idea in other applications of our SUq quark-model 
baryon-baryon interactions [T2I Il3l IT^ . The Aa spin- 
orbit interaction is generated from the Born kernel of the 
AA" LS quark-model interaction, and the Faddeev equa- 
tion is solved in the jj-coupling scheme, by using the 
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central plus spin-orbit Aa interactions. We find that our 
model FSS yields spin-orbit splittings of almost 2/3 of 
the Nijmegen NSC97f result. We find a large difference 
between FSS and fss2 for the effect of the short-range cor- 
relations, especially, in the way of the P-wave AN-T,N 
coupling. 

We assume that the AN LS interaction is give n by the 
Born kernel of the AN quark- model interaction |10| : 

«A&(9/,9i) = EEt^rm 5 ^) 
n r 

+(X%yfJr S (<K-6)]O n , (1) 

where fl — LS, LS^~\ and LS^'a, specify three differ- 
ent types of spin-orbit operators, O ls — in-S, O ls( ' = 
in ■ S(~~\ and £> ls< ~ )ct = in ■ P a , and T stands for 
various interaction types originating from the quark an- 
tisymmetrization. Here we use the standard notation, 
n = [Qi x Qf], S = (cr A + cr N )/2, = (<x A - <r N )/2, 
and P a = (f + er A • cr N )/2, etc. The up-down and 

strange spin-flavor factors, (X^\ u and (Xp) s , in the 
AN channel, and the direct and exchange spatial func- 
tions, fJf S {8) and f^- s {n — 9) with cos0 = (gygj, are ex- 
plicitly given in Refs. @ and [HJ ■ If we take the matrix 
element of Eq. with respect to the spin-flavor func- 
tions of the Aa system, the nucleon spin operator part 
disappears due to the spin saturated property of the a 
cluster and we obtain the spin-flavor part as X^-Sa and 
Xf S A with Sa = tr a/2, X* = 4[(A^ s ) Md + (A£ s< ~')" d ], 
and Xf = 4[(X£ S ) S + (X^ si ~ >a ) s }. We therefore only 
need to calculate the spatial integrals of f^- s {9) in and 
/^ s (7r — 9) in. For this calculation, we can use a conve- 
nient formula Eq. (B.8) given in Appendix B of Ref. 0. 
The calculation is carried out analytically, since it only 
involves Gaussian integration. We finally obtain 

T 

V£ Se (q f , qi )] in-S A . (2) 

We calculate the spin-flavor factors and spatial inte- 
grals for each of the interaction types, T = D-, D + 
and S (£'). From our previous paper we find the 
spin-flavor factors given in Table [I] Note that the most 
important knock-on term of the _D_ type turns out to 
be zero in the Aa direct potential, because of the exact 
cancellation between the LS and LS^ factors in the up- 
down sector. As the result, the main contribution to the 
Aa spin-orbit potential in the present formalism comes 
from the strangeness exchange Z?_ term, which is non- 
local and involves very strong momentum dependence. 
If the quark mass ratio, A = (m s /m u d), goes to infin- 
ity, all of these spin-flavor factors vanish, which is a well 
known property of the spin-flavor SUq wave function of 
the A particle. Only the strange quark of A contributes 
to the spin-related quantities like the magnetic moment, 
since the up-down di-quark is coupled in the spin-isospin 



TABLE I: The spin-flavor factors of the Aa potential for 
the quark-model LS exchange kernel. The parameter, A = 
(m 3 /m u d), is the strange to up-down quark mass ratio. 
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zero for A. The explicit expressions of the spatial inte- 
grals, V^ s d (qj:,q i ) and V^ Se {qj,q i ), will be given else- 
where, since they are rather lengthy. The partial wave 
components of Eq. JU) arc calculated from the formula in 
Appendix C of Ref. 15], by using the Gauss-Legendre 20- 
point quadrature formula. Since the model fss2 contains 
the LS components from the effective meson-exchange 
potentials (EMEP's), we should also include these con- 
tributions to the Aa spin-orbit interaction. A detailed 
derivation of the EMEP Born kernel for the Aa system 
is deferred to a separate paper. 

For the Faddeev calculation, we use the same condi- 
tions as used in Ref. , except for the exchange mixture 
parameter u of the SB AA^ potential. We here use a re- 
pulsive AA^ odd interaction with u = 0.82, in order to 
reproduce the ground-state energy of A Be. This is be- 
cause the 5/2+ - 3/2+ is splitting is rather sensitive to 
the energy positions of these states, measured from the 
A He -I- a threshold. We also use Nijmegen-type AN po- 
tentials from Ref. 0] . The aa RGM kernel is generated 
from the three-range Minnesota force with u — 0.94687. 
The harmonic oscillator width parameter of the a-cluster 
is assumed to be v = 0.257 fm -2 . The partial waves up to 
AMax = ^lMax = 6 are included both in the aa and Aa 
channels. The momentum discretization points are se- 
lected by ni-n2-ri3=I0-f 0-5 with the midpoints p, q = 1, 
3, and 6 fm -1 . The Coulomb force is incorporated in the 
cut-off Coulomb prescription with Rq = 10 fm. 

Table [n] shows the results of Faddeev calculations in 
the jj-coupling scheme. First we find that the ground- 
state energies do not change much from the LiS-coupling 
calculation, which implies the dominant 5-wave coupling 
of the A hyperon. The final values for the £s splitting 
of the 5/2+ - 3/2+ excited states are AE £s = 137 keV 
for FSS and 198 keV for fss2, when the SB force with 
u = 0.82 is used for the AN central force. If we compare 
these results with the experimental value, 43 ± 5 keV, we 
find that our quark-model predictions are three to five 
times too large. If we use the G-matrix simulated NSC97f 
LS potential in Ref. 01 > we obtain 209 keV for the same 
SB force with u = 0.82. The difference from 0.16 MeV 
in Ref. [Il| is due to the model dependence to the aa 
and Aa interactions. We find that our FSS prediction 
for AEis is less than 2/3 of the NSC97f prediction, while 
fss2 gives almost the same result as NSC97f. If we switch 
off the EMEP contribution in the fss2 calculation, we find 
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TABLE II: The ground-state energy E gI (l/2 + ), the 5/2+, 
3/2 + excitation energies _E x (5/2 + ), £ x (3/2 + ), and the spin- 
orbit splitting, AE la = S x (3/2 + ) - £ x (5/2+), calculated by 
solving the Faddeev equations for the aaA system in the jj 
coupling scheme. The exchange mixture parameter of the SB 
A7V force is assumed to be u = 0.82. The Aq spin-orbit force 
is generated from the Born kernel of the FSS and fss2 AJV LS 
interactions. For the fss2 LS interaction, the LS component 
from the EMEP is also included. 



yLS 
" AN 


yC 
' AN 


E e J 1/2+) 


EJ5/2+) 


£ x (3/2 + ) 


AE ts 






(MeV) 


(MeV) 


(MeV) 


(keV) 




SB 


-6.623 


2.854 


2.991 


137 




NS 


-6.744 


2.857 


2.997 


139 


FSS 


ND 


-7.485 


2.872 


3.024 


152 




NF 


-6.908 


2.877 


3.002 


125 




JA 


-6.678 


2.866 


2.991 


124 




JB 


-6.476 


2.858 


2.980 


122 




SB 


-6.623 


2.828 


3.026 


198 




NS 


-6.745 


2.831 


3.033 


202 


fss2 


ND 


-7.487 


2.844 


3.064 


220 




NF 


-6.908 


2.853 


3.035 


182 




JA 


-6.679 


2.843 


3.024 


181 




JB 


-6.477 


2.834 


3.012 


178 


Exp't [6] 


-6.62(4) 


3.024(3) 


3.067(3) 


43(5) 



A£^* p = 86 keV. This results from the very small LS^ 
component generated from the EMEP of fss2. 

As an alternative prescription to correlate the A Be £s 
splitting and the basic baryon-baryon interaction, we ex- 
amine the Scheerbaum's s.p. spin-orbit potential (Schcer- 
baum potential) for the (0s) a-cluster in the Scheer- 
baum formalism. For the Scheerbaum factor, 5a = 
-8.3 MeV-fm 5 , calculated in Ref. for FSS in the sim- 
plest Born approximation, we obtain AEg s — 121 keV for 
the SB force with u = 0.82. If we compare this with the 
value 137 keV in Table|II]for FSS, we find that the Scheer- 
baum potential seems to be reliable even in our quark- 
model nonlocal kernel. However, this agreement is fortu- 
itous, since the center-of-mass correction to the is oper- 
ator in the Aa system is quite large. When the Scheer- 
baum factor evaluated in the Born approximation is used 
in the Scheerbaum potential, one needs to multiply 5a 
by factor, (C + 4)/4 = 1.297, where C = M A /M N is the 
mass ratio of A to the nucleon. A more precise compari- 
son can therefore be made by using 5 A ff = (1 + £/4)5a = 
-10.12 MeV ■ fm 5 from 5 A = -7.8 MeV ■ fm 5 . The latter 
value is obtained from the p — Wigner transform with 
q = 0.7 fm -1 in Ref. [l(|. This potential is plotted in 
Fig. [2 with the dotted curve. If we use the Scheerbaum 
potential with this S A S value, we obtain AEg s — 147 
keV, which is close to 137 keV. Similarly, the fss2 value, 
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FIG. 1: Comparison of Aa spin-orbit potentials predicted 
by the Wigner transform of FSS with q — 0, 1, 2, 3 fm -1 , 
and f ■ q = (solid curves) , the Scheerbaum potential with 
Sf = -10.12 MeV ■ fm 5 (dotted curve), and the G- matrix 
simulated NSC97f-type potential [l"H (dashed curve). 
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-10.87 MeV-fm 5 or Sf 



Born approximation yields AE( 



-14.10 MeV -fm , in the 
= 204 keV. It is amaz- 



ing that the nonlocal Aa kernel by FSS, appearing in Fig. 
n as the strongly momentum-dependent Wigner trans- 
form, is well simulated by a single-Gaussian Scheerbaum 
potential with an appropriate 5 A ff . Figure Q also shows 
the Aa spin-orbit potential predicted by the G-matrix 
simulated NSC97f-type AN potential in Ref. [uj. The 
Scheerbaum factor for this AN potential is calculated to 
be 5 A = -10.34 MeV • fm 5 for q = 0.7 fin -1 . If we use 
the Scheerbaum potential with S% s = -13.41 MeV • fm 5 , 
we obtain AE( S — 194 keV, which is close to 209 keV. 

Table IIIII lists the results of G-matrix calculations for 
the Scheerbaum factors 5a in symmetric nuclear matter. 
The Fermi momentum, kp — 1.07 frn~ , corresponding 
to the half of the normal density po — 0.17 fm~ 3 , is as- 
sumed. For solving G-matrix equations, the continuous 
prescription is used for intermediate spectra. Table IIIII 
also shows the decompositions into various contributions 
and the results when the AN-T,N coupling through the 
LS^ and LS^a forces is switched off (coupling off) in 
the G-matrix calculations. For FSS, we find a large re- 
duction of 5a value from the Born value —7.8 MeV • fm°, 
especially when this (dominantly) P-wave AN-'SN cou- 
pling is properly taken into account. When all the AN- 
TiN couplings, including those by the pion tensor force, 
is switched off, the LS^~' contribution is just a half of 
the LS contribution in the odd partial wave, which is the 
same result as in the Born approximation. The P-wave 
AN-HN coupling enhances the repulsive LS^ contri- 
bution largely. If we use this reduction of the 5a factor 
from -7.8 MeV-fm 5 to -1.9 MeV-fm 5 in the realistic G- 
matrix calculation, we find that the present AEg s value 
— 137 MeV is reduced to an almost correct value, —33 
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TABLE III: The Scheerbaum factors 5a in symmetric nuclear 
matter with kp — 1.07 fm , predicted by G-matrix calcula- 
tions of FSS and fss2 in the continuous prescription for inter- 
mediate spectra. Decompositions into various contributions 
are shown, together with the cases when the AiV-EiV coupling 
by the LS^~^ and LS^~^a forces is switched off (coupling off). 
The unit is in MeV • fm 5 . 



model 




full 


coupling off 






odd even 


odd even 




LS 


-17.36 0.38 


-19.70 0.30 


FSS 




14.83 0.22 


8.37 0.26 




total 


-1.93 


-10.77 




LS 


-19.97 -0.14 


-21.04 -0.20 


fss2 


LS^ 


8.64 0.21 


6.12 0.23 




total 


-11.26 


-14.89 



keV. However, such a reduction of the Scheerbaum factor 
due to the AN-Y.N coupling is supposed to be hindered 
in the Acv system in the lowest-order approximation from 
the isospin consideration. On the other hand, the situa- 
tion of fss2 in Table ITTT1 is rather different, although the 
cancellation mechanism between the LS and LS^ com- 
ponents and the reduction effect of 5a factor in the full 
calculation are equally observed. When all the AN-T,N 
coupling is neglected, the ratio of the LS^ and LS con- 
tributions in the quark sector is still one half. Since the 
EMEP contribution is mainly for the LS type, it amounts 
to about -6 MeV • fm 5 , which is very large and remains 
with the same magnitude even after the P-wave AN- 
EA coupling is included. Furthermore, the increase of 
the LS(~) component is rather moderate, in comparison 
with the FSS case. This is becuse the model fss2 contains 
an appreciable EMEP contribution (~ 40%) which has 
very little LS^ contributions. As the result, the total 



Sa value in fss2 G-matrix calculation is 3 - 6 times larger 
than the FSS value, depending on the Fermi momentum, 
k F = 1.35 - 1.07 far 1 . Such an appreciable EMEP con- 
tribution to the LS component of the YN interaction is 
not favorable to reproduce the negligibly small is split- 
ting of A Be. 

Summarizing this work, we have performed the jj- 
coupling Faddeev calculations for A Be, by incorporating 
Aa LS interactions generated from the Born kernel of 
the quark- model baryon-baryon interactions. This calcu- 
lation corresponds to the evaluation of the Scheerbaum 
factors in the Born approximation. Since the P-wave 
AN-T,N coupling is not properly taken into account, the 
present calculation using the FSS Born kernel yields too 
large spin-orbit splitting of the 5/2 + and 3/2 + excited 
states of A Be by factor three. In the model FSS, a re- 
duction by factor 1/2 - 1/4 is expected in the G-matrix 
calculation of the Scheerbaum factor 5a ^3 > depending 
on the Fermi momentum, kp = 1.35 - 1.07 fm - . In 
fss2, the G-matrix calculation for the Scheerbaum fac- 
tor yields a rather large value, 5a ~ —11 MeV • fm J , 
with very weak kp dependence, due to the appreciable 
EMEP contributions. The quark-model baryon-baryon 
interaction with a large spin-orbit contribution from the 
meson-exchange potentials is, in general, unfavorable to 
reproduce the very small is splitting observed in A Be. 
It is a future problem how to incorporate the P-wave 
AN-T,N coupling in cluster model calculations like the 
present one. 
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